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Application conditions for rules and constraints for graphs are well-known in the theory of graph 
transformation and have been extended already to .M-adhesive transformation systems. According 
to the literature we distinguish between two kinds of satisfaction for constraints, called general and 
initial satisfaction of constraints, where initial satisfaction is defined for constraints over an initial 
object of the base category. Unfortunately, the standard definition of general satisfaction is not com- 
patible with negation in contrast to initial satisfaction. 

Based on the well-known restriction of objects along type morphisms, we study in this paper re- 
striction and amalgamation of application conditions and constraints together with their solutions. In 
our main result, we show compatibility of initial satisfaction for positive constraints with restriction 
and amalgamation, while general satisfaction fails in general. 

Our main result is based on the compatibility of composition via pushouts with restriction, which 
is ensured by the horizontal van Kampen property in addition to the vertical one that is generally 
satisfied in .M-adhesive categories. 



1 Introduction 

The framework of Ai -adhesive categories has been introduced recently J8j|3l as a generalization of differ- 
ent kinds of high level replacement systems based on the double pushout (DPO) approach [ 6 ] . Prominent 
examples that fit into the framework of M. -adhesive categories are (typed attributed) graphs [HUH and 
(high-level) Petri nets El [TOl . In the context of domain specific languages and model transformations 
based on graph transformation, graph conditions (constraints) are already used extensively for the specifi- 
cation of model constraints and the specification of application conditions of transformation rules. Graph 
conditions can be nested, may contain Boolean expressions |[T3l [14] and are expressively equivalent to 
first-order formulas on graphs as shown in Ifl4l l20l . We generally use the term "nested condition" 
whenever we refer to the most general case. 

Restriction is a general concept for the definition of views of domain languages and is used for 
reducing the complexity of a model and for increasing the focus to relevant model element types. A 
major research challenge in this field is to provide general results that allow for reasoning on properties 
of the full model (system) by analyzing restricted properties on the views (restrictions) of the model only. 
Technically, a restriction of a model is given as a pullback along type morphisms. While this construction 
can be extended directly to restrictions of nested conditions, the satisfaction of the restricted nested 
conditions is not generally guaranteed for the restricted models, but — as we show in this paper — can be 
ensured under some sufficient conditions. 

According to the literature lfl4"l loTl. we distinguish between two kinds of satisfaction for nested condi- 
tions, called general and initial satisfaction, where initial satisfaction is defined for nested conditions over 
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an initial object of the base category. Intuitively, general satisfaction requires that a property holds for all 
occurrences of a premise pattern, while initial satisfaction requires this property for at least one occur- 
rence. Unfortunately, the standard definition of general satisfaction is not compatible with the Boolean 
operators for negation and disjunction, but initial satisfaction is compatible with all Boolean operators 
(see App. A in ETTl ). In order to show, in addition, compatibility of initial satisfaction with restriction, 
we introduce the concept of amalgamation for typed objects, where objects can be amalgamated along 
their overlapping according to the given type restrictions. 

As the main technical result, we show that solutions for nested conditions can be composed and 
decomposed along an amalgamation of them (Thm. 4. 10 1, if the nested conditions are positive, i.e., they 
contain neither a negation nor a "for all" expression (universal quantification). Based on this property, we 
show in our main result (Thm. 5.1 1, that initial satisfaction of positive nested conditions is compatible 
with amalgamation based on restrictions that agree on their overlappings. Note in particular that this 
result does not hold for general satisfaction which we illustrate by a concrete counterexample. 

The structure of the paper is as follows. Section [2] reviews the general framework of .M-adhesive 
categories and main concepts for nested conditions and their satisfaction. Thereafter, |Sec. 3 presents the 
restriction of objects and nested conditions along type object morphisms. Section [4] contains the con- 
structions and results concerning the amalgamation of objects and nested conditions and in Sec. 5 we 



present our main result showing the compatibility of initial satisfaction with amalgamation and restric- 
tion. Related work is discussed in Sec. 6 Section [7] concludes the paper and discusses aspects of future 
work. Appendix [A] contains the proofs that are not contained in the main part. Additionally, App. A 
in ||2D provides formal details concerning the transformation between both satisfaction relations and, 
moreover, their compatibility resp. incompatibility with Boolean operators. 



2 General Framework and Concepts 

In this section we recall some basic well-known concepts and notions and introduce some new notions 
that we are using in our approach. Our considerations are based on the framework of At -adhesive cate- 
gories. An Ai -adhesive category [ 8 ] consists of a category C together with a class Ai of monomorphisms 
as defined in|Def. 2 .T] below. The concept of .M-adhesive categories generalizes that of adhesive ifTTt . 



adhesive HLR [9], and weak adhesive HLR categories [6]. 

Definition 2.1 (Ai -Adhesive Category). An M-adhesive category (C, Ai) is a category C together with 
a class Ai of monomorphisms satisfying: 

• the class Ai is closed under isomorphisms, composition and decomposition, 

• C has pushouts and pullbacks along Ai-morphisms, 

• Ai-morphisms are closed under pushouts and pullbacks, and 

• it holds the vertical van Kampen (short VK) property. This means that pushouts along Ai- 
morphisms are Ai-VK squares, i. e., pushout (1) with m G Ai is an Ai-VK square, if for all 
commutative cubes (2) with (1) in the bottom, all vertical morphisms a, b,c,d £ Ai and pullbacks 
in the back faces we have that the top face is a pushout if and only if the front faces are pullbacks. 
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C (1) B 
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D 




(2) 



Remark 2.2. In Sec. 3 Sec. 4 and Sec. 5 we will also need the horizontal VK property, where the VK 




property is only required for commutative cubes with all horizontal morphisms in A4 (see [8]), to show 
the compatibility of object composition and the corresponding restrictions. Note moreover, that an A4- 
adhesive category which also satisfies the horizontal VK property is a weak adhesive HLR category jj^j/. 

A set of transformation rules over an Ai -adhesive category according to the DPO approach con- 
stitutes an .M-adhesive transformation system (8). For various examples (graphs, Petri nets, etc.) see 
0. 

In Sec. 3| Sec. 4 and Sec. 5 we are considering Ai -adhesive categories with effective pushouts. 
According to [18], the formal definition is as follows. 

Definition 2.3 (Effective Pushout). 

Given AA-morphisms a : B — )• X, b : C —> X in an Ai-adhesive 
category (C, A4) and let (A,pi,p2) be obtained by the pullback a 
of a and b. Then pushout (1) of pi and P2 is called effective, 
if the unique morphism u : D — ^ X induced by pushout ( 1 ) is an 
AA-morphism. 

Nested conditions in this paper are defined as application conditions for rules in [ 13]. Depending on 
the context in which a nested condition occurs, we use the terms application condition [ 13 ] and constraint 
[ 6 ] , respectively. Furthermore, we define positive nested conditions to be used in Sec. 3 Sec. 4| and Sec. 5 
for our main results. 

Definition 2.4 (Nested Condition). A nested condition acp over an object P is inductively defined as 
follows: 

• true is a nested condition over P. 

• For every morphism a : P — > C and nested condition acc over C, 3 (a,acc) is a nested condition 
over P. 

• A nested condition can also be a Boolean formula over nested conditions. This means that also 
^acp, Ai'ex ac PJ > an d V/eX ac PJ are nested conditions over P for nested conditions acp, acpj (i 6 1) 
over P for some index set X. 

Furthermore, we distinguish the following concepts: 

• A nested condition is called application condition in the context of rules and match morphisms. 

• A nested condition is called constraint in the context of properties of objects. 

• A positive nested condition is built up only by nested conditions of the form true, 3 (a,ac), 
/\iel ac P,i an d \lieX ac P-,i' where X^0. 

An example for a nested condition and its meaning is given below. 
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Example 2.5 (Nested Condition). Given the nested condition acpfrom Fig. 2 where all morphisms are 
inclusions. Condition acp means that the source of every b-edge has a b-self-loop and must be followed 
by some c-edge such that subsequently, there is a path in the reverse direction visiting the source and 
target of the first b-edge with precisely one c-edge and one b-edge in an arbitrary order. We denote this 
nested condition by acp = 3 (ai,true) A 3 (02, 3 (a^,true)W 3 (04, true)). 

We are now defining inductively whether a morphism satisfies a nested condition (see loll). 

Definition 2.6 (Satisfaction of Nested Condition). Given a nested condition acp over P, a morphism 



p : P —7- G satisfies acp (see Fig. 1(a) ), written p \= acp, if: 

• acp = true, or 

• acp = 3 (a,acc) with a'.P^C and there exists a morphism q : C — > G G M. such that q o a = p 
and q 1= acc, or 

• acp = -^ac'p and p \f ac' P , or 

• acp = /\ ieX acpj and for all i G I holds p \= acpj , or 

• acp = V j e x ac PJ and for some i G I holds p t= acpj. 

In the following we distinguish two kinds of satisfaction relations for constraints: General Q and 
initial satisfaction lfT4l . Initial satisfaction is defined for constraints over an initial object of the base 
category while general satisfaction is considered for constraints over arbitrary objects. Intuitively, while 
general satisfaction requires that a constraint acp is satisfied by every .M-morphism p : P — > G, intial 
satisfaction requires just the existence of an M. -morphism p : P — )■ G which satisfies acp. 

^C<acc 1 ^P<acp 




p N acp 

G " G " 

(a) Satisfaction of acp by morphism p (b) Initial satisfaction of ac; 

Figure 1: Satisfaction of nested conditions 
Definition 2.7 (General Satisfaction of Constraints). Given a constraint acp over P. An object G gener- 



ally satisfies acp, written G t= acp, if V p : P — > G G M. p (= acp (see Fig. 1(a)). 



Definition 2.8 (Initial Satisfaction of Constraints). Given a constraint acj over an initial object I. An 

1 

object G initially satisfies aci, written G t= ac[, ifiQ 1= acifor the initial morphism iq\1—^ G. 
Note, that for ac j = 3 (ip,acp) we have 



1 



G\=aci<^ 3 p : P -)• G G M. p\= ac P (see Fig. 1(b)). 



This means that the general satisfaction corresponds more to the universal satisfaction of constraints 
while the initial satisfaction corresponds more to the existential satisfaction. 

For positive nested conditions, we define solutions for the satisfaction problem. A solution Q (a tree 
of morphisms) determines which morphisms are used to fulfill the satisfaction condition. 

Definition 2.9 (Solution for Satisfaction of Positive Nested Conditions). Given a positive nested condi- 
tion acp over P and a morphism p : P — > G. Then Q is a solution for p \= acp if: 

• acp = true and Q = % or 
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• acp = 3 (a, ace) with a: P — ?■ C and Q = (q, Qc) with Ai-morphism g : C — > G such that q o a = p 
and Qc is a solution for q 1= acc (see Fig. l(a)\ , or 

• acp = /\j<zz ac P,i an d Q = (Qi)ieX such that Qi is a solution for p 1= acpjfor all i G X, or 

• acp = V ' ieX acpj and Q = (Qi)iex such that there is j G I with solution Qjfor p N acpj and for all 
k £l with j it holds that Qk = 0. 

The following example demonstrates the general and initial satisfaction of constraints and gives their 
corresponding solutions. 

Example 2.10 (Satisfaction and Solution of Constraints). 
1. General Satisfaction 



Consider the graph Ga from Fig. 2 below and the constraint acp from Ex. 2.5 There are two 



possible AA-morphisms p\,P2 '■ P Ga, where p\ is an inclusion and p2 maps t>i to b2 with the 
corresponding node mapping. For both matches p\ and p2, there is a h- self -loop on the image 
of node 1, a c-edge outgoing from the image of node 2, as well as the corresponding images for 
edges b2 and C2 in C3. Thus, Ga generally satisfies acp. 

A corresponding solution for p\ 1= acp is given by Q gen = (G;)ie{l,2} with Q\ = (91, 0) and Q2 = 
(q2, (Qj) je{3A})> w here Q3 = (#3,0), Qa = and qi : Cj — > GAfor i = 1,2,3 are inclusions. 




Figure 2: General and initial satisfaction of constraints 



2. Initial Satisfaction 

Let acj = 3 (ip,acp) with ip as depicted in Fig. 2 and acp from Ex. 2.5 The graph Ga initially 
satisfies aci since there is p\ : P — > Ga G M satisfying acp as mentioned before. 
A corresponding solution for Iq N ac[ is given by Qi n u = (p\ , Qgen) with Qg en f rom the example for 
general satisfaction. 

Remark 2.11. A nested condition is called typed over a given type object, if all nested conditions in every 
of its nesting levels are also typed over the same type object. Furthermore, matches and corresponding 
solutions are required to be compatible with this type of object as well. 



3 Restriction Along Type Morphisms 



In this section, we present the restriction of objects, morphisms, positive nested conditions and their 
solutions along type morphisms which are the basis for the amalgamation of nested conditions in Sec. 4 
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General Assumption. In this and the following sections, we consider an M-adhesive category (C,A4) 
satisfying the horizontal VK property (see Rem. 2.2 ) and has effective pushouts (see Def. 2.3 ). 

Definition 3.1 (Restriction along Type Morphism). Given an object Ga typed over TGa by tc A : 
Ga —> TGa and t : TGp — > TGa S M, then TGb is called restriction of TGa, Gb is a restriction of 
Ga, and tc B is a restriction of to A , if (1) is a pullback. Given a : G' A ^r Ga, then b is a restriction of a 
along type morphism t, written b = Restr t (a), if (2) is a pullback. 



TG A 



TG b 



to, 



G A 



G' 



(i) 

ten 



G B 



t G (2) 
b 



G' 



For positive nested conditions, we can define the restriction recursively as restriction of their compo- 
nents. 

Definition 3.2 (Restriction of Positive Nested Conditions). Given a positive nested condition acp A typed 
over TGa and let TGb be a restriction of it with t : TGb TGa £ M.. Then we define the restriction 
acp B = Restr t (acp A ) over the restriction Pb of Pa as follows: 

• The restriction of true is true, 

• the restriction of 3 (a,acc A ) is given by restriction of a and acc A , i- e., acp B = 3 (Restr t (a), 
Restr t (acc A )), and 

• the restriction of a Boolean formula is given by the restrictions of its components, i. e., 



Restr t (-iacp A ) = 
Restr t (\J ieX acp A j) 



^Restr t (ac'p A ), 
V( 6 x R est r t (acp A j) 



Restr t (/\ ieI acp A , 



/\ ieX Restr t (acp Aj i), and 




Now we extend the restriction construction to solutions of positive nested conditions and show in 



Fact 3.4 that a restriction of a solution is also a solution for the corresponding restricted constraint. 



Definition 3.3 (Restriction of Solutions for Positive Nested Conditions). Given a positive nested con- 
dition acp A typed over TGa together with a restriction acp B along t : TGp —> TGa- For a morphism 
Pa'- Pa^ G and a solution QAfor pa 1= acp A , the restriction Qb of Qa along t, written Qb = Restr t (QA), 
is defined inductively as follows: 

% If Qa is empty then also Qb is empty, 

• if acp A = 3 (a : Pa ->■ CA,acc A ) and Qa = (?a,8ca), then Q B = (qB,QcB) such that q B and Qcb 
are restrictions of qA respectively Qca, and 

• ifacp A = AieX a Cp A j or ac ?A = \J ieX acp A j, and Q A = {QA,i)ieX, then Q B = (Qs^ieX such that Q B j 
is a restriction ofQAjfor all i G X. 

Fact 3.4 (Restriction of Solutions for Positive Nested Conditions). Given a positive nested condition 
acp A and a match pa'-Pa^ Ga over TGa with restrictions acp B = Restr t (acp A ), pp = Restr t (pA) along 
t : TGb TGa- Then for a solution Qa of pa N acp A , there is a solution Qb = Restr t (QA) for ps 1= acp B . 
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4 Amalgamation 

The amalgamation of typed objects allows to combine objects of different types provided that they agree 
on a common subtype. This concept is already known in the context of different types of Petri net 
processes, such as open net processes [1] and algebraic high-level processes [7], which can be seen as 
special kinds of typed objects. In this section, we introduce a general definition for the amalgamation of 
typed objects. Moreover, we extend the concept to the amalgamation of positive nested conditions and 
their solutions. 

As required for amalgamation, we discuss under which conditions morphisms can be composed via 
a span of restriction morphisms. Two morphisms gs and gc "agree" in a morphism go, if gD can be 
constructed as a common restriction and can be used as a composition interface for gB and gc as in 
IDef.4.11 

t§DB t§ DC 

Definition 4.1 (Agreement and Amalgamation of Typed Objects). Given a span TGb < — TGd — 4 TGc, 

SB Sc $d 

with tgDB,tgDC £ -M and typed objects Gb -4 TGb, Gc TGc and Go TGd- We say gs,gc agree in 
gD, if gD is a restriction of g B and gc, i.e., Restr tgDB (g B ) = go = Restr tgDC (g c ). 

Given pushout (1) below with all morphisms in Ai and typed objects gs,gc agreeing in go- A 
morphism gA '■ Ga — > TGa is called amalgamation of gB and gc over go, written gA = gB +g D gc, if the 
outer square is a pushout and gB,gc are restrictions of gA- 




Fact 4.2 is essentially based on the horizontal VK property. 



Fact 4.2 (Amalgamation of Typed Objects). Given pushout (1) with all morphisms in A4 as in \Def. 4.7 



Composition. Given gs,gc agreeing in go, then there exists a unique amalgamation gA = gB ~\~g D gc- 

Decomposition. Vice versa, given gA '■ Ga —> TGa, there are unique restrictions gB,gc, and go of gA 
such that g A = gB + gD gc- 

Here and in the following, uniqueness means uniqueness up to isomorphism. 

Proof. Given gB,gc agreeing in go, we have that the upper two trapezoids are pullbacks. Now we 
construct Ga as pushout over Gb and Gc via Go, such that the outer diamond is a pushout. This leads to 
a unique induced morphism gA '■ Ga — > TGa, such that the diagram commutes and via the horizontal VK 
property we get that the lower two trapezoids are pullbacks and therefore gA = gB + gD gc- 

Vice versa, we can construct Gb,Gc,Gd as restrictions such that the trapezoids become pullbacks, 
where gA : Ga — > TGa and TGa, TGb, TGc, TGd are given such that (1) is a pushout with A^-morphisms 
only. Then the horizontal VK property implies that the outer diamond is a pushout and gA is unique 
because of the universal property and gA = gB + gD gc- 

The uniqueness (up to isomorphism) of the amalgamated composition and decomposition construc- 
tions follows from uniqueness of pushouts and pullpacks up to isomorphism. □ 
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Example 4.3 (Amalgamation of Typed Objects). Figure^shows a pushout of type graphs TGa, TGb, 
TGc and T Go- 
Composition. Consider the typed graphs Gb, Gq and Go typed over TGb, TGc and TGo, respectively. 
Graph Go, containing the same nodes as Gb and Gq and no edges, is the common restriction of 



Gb and Gc- So, the type morphisms gB and gc agree in go, which by Fact 4.2\means that there 



is an amalgamation gA = gs + gD gc- It can be obtained by computing the pushout of Gb and Gc 
over Go, leading to the graph Ga that contains the b-edges of Gb as well as the c-edges of Gc- 
The type morphism gA is induced by the universal property of pushouts, mapping all edges in the 
same way as gB and gc- 

Decomposition. Vice versa, consider the graph Ga typed over TGa- We can restrict Ga to the type 
graphs TGb and TGc, leading to typed graphs Gb and Gc, containing only the b- respectively 
c-edges of Ga- Restricting the graphs Gb and Gc to type graph TGo, we get in both cases the 
graph Go that contains no edges, and we have that gA = gB +g D gc- 



gA 



gB; 



TG T 



® J,1 K^j3) @ 

b2 ^G~b 



TGr 



TG r 



op 



o 



-gc 



© ® ® Q 



Figure 3: Amalgamation of typed graphs 



We already defined the restriction of positive nested conditions (Def. 3.2 1 and their solutions 
( Def. 3.3| >. Now we want to consider the case that we have two conditions, which have a common 
restriction and can be amalgamated. 

Definition 4.4 (Agreement and Amalgamation of Positive Nested Conditions). Given a pushout (1) be- 
low with all morphisms in Ai. Two positive nested conditions acp B typed over TGb and acp c typed over 
TGc agree in acp D typed over TGo if acp D is a restriction of acp B and acp c . 

Given acp B and acp c agreeing in acp D then a positive nested condition acp A typed over TGa is called 
amalgamation ofacp B andacp c over acp D , written acp A = acp B +ac Po acp c , ifacp B andacp c are restrictions 
of acp A and tpA = tps + tpD tpc- In particular, we have true a = trues +true D truec, short true = true + tr ue 
true. 



acp B > p B 




p c < acp c 
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In the following Fact 4.5| we give a construction for the amalgamation of positive nested conditions 
and in Thm. 4.10 for the corresponding solutions. 



Fact 4.5 (Amalgamation of Positive Nested Conditions). Given a pushout (1) as in Def. 4.4 with all 
morphisms in Ai. 

Composition. If there are positive nested conditions acp B and acp c typed over TGp and TGc, respec- 
tively, agreeing in acp D typed over TGd, then there exists a unique positive nested condition acp A 
typed over TGa such that acp A = acp B +ac PD acp c . 

Decomposition. Vice versa, given a positive nested condition acp A typed over TGa, there are unique 
restrictions acp B , acp c and acp D ofacp A such that acp A = acp B +ac Po acp c . 

The amalgamated composition and decomposition constructions are unique up to isomorphism. 

Remark 4.6. Given an amalgamation acp A = acp B + a c PD acp c of positive nested conditions, we can con- 



clude from the proof of Fact 4.5 (see App. A I that we also have corresponding amalgamations in each 
level of nesting. 



PDA 



b 2 




b CtXP 


TGa 

=h — 




TG C 












b C*D 


H 

TG B 




— 1 
TG D 


u 




Pdc 



Figure 4: Amalgamation of positive nested conditions 



Example 4.7 (Amalgamation of Positive Nested Conditions). Figure^shows a pushout of typed graphs 
TGa, TGb, TGc and TGd, and four positive nested conditions acp A , acp B , acp c andacp D typed over TGa, 
TGp, TGc and TGd, respectively. For simplicity, the figure contains only the type morphisms of the Ps, 
but there are also corresponding type morphisms for the Cs, mapping all b-edges to b and all c-edges to 
c. There is acp A = V/g{i 2} ac c iA withacc jA = 3 (a, ^, true) for i = 1,2, and acp B , acp c and acp D have a 
similar structure. 

Composition. We have that tp D is a common restriction of tp B and tp c , and also that at.D is a common 
restriction ofaj^ and aj t cfar i = 1,2. Thus, acp D is a common restriction of acp B and acp c which 



means that acp B and acp c agree in acp D . So by Fact 4.5 there exists an amalgamation acp t 



acp B +ac/. D acp c , and according to Rem. 4.6 it can be obtained as amalgamation of its components. 
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This means that we have an amalgamation tp A = tp B + tp tp c with pushout of the Ps as shown in 



Fig. 4\ as well as amalgamations of the corresponding type morphisms of the Cs, leading to the 



pushouts depicted in Fig. 4 by dotted arrows for the C\s and by dashed arrows for the C2S. The 
morphisms a\A and a^A ar e obtained by the universal property of pushouts. 

Decomposition. The other way around, considering the condition acp A , we can construct the restrictions 
acp B and acp c by deleting the c- respectively b-edges. Then, restricting acp B and acp c to TGd by 
deleting all remaining edges, we obtain the same condition acp D such that acp A = acp B +ac Po acp c . 
In order to answer the question, under which conditions such amalgamated positive nested conditions 
are satisfied, we need to define an amalgamation of their solutions. Afterwards, we show in the proof of 



Thm. 4.10 that a composition of two solutions via an interface leads to a unique amalgamated solution 



and that a given solution for an amalgamated positive nested condition is the amalgamation of its unique 
restrictions. 

Definition 4.8 (Agreement and Amalgamation of Solutions for Positive Nested Conditions). Given 
pushout (1) below with all morphisms in M., an amalgamation of typed objects gA = gB +g D gc> and 
an amalgamation of positive nested conditions acp A = acp B +ac Po acp c with corresponding matches pa = 
Pb + Pd Pc- 

1. Two solutions Qsfor ps 1= acp B and Qcfor pc 1= acp c agree in a solution Qofor pp, \= acp D , if Qd 
is a restriction of Qb and Qc- 

2. Given solutions Qgfor ps N acp B and Qcfor pc N acp c agreeing in a solution Qufor pu t= acp D , 
then a solution Qa for pa 1= acp A is called amalgamation of Qb and Qc over Qp» written Qa = 
Qb +q d Qc> if 'Qb ond Qc are restrictions of Qa- 



p c < acp c 




Pdc 



acp B > P B 



Pdb 



P D < acp D 



Remark 4.9. Note that by assumption gA = gB +g B gc in tne definition above we already have a pushout 
over the Gs, and by acp A = acp B + acp ®cp c we a l so have a pushout over the Ps. 

Theorem 4.10 (Amalgamation of Solutions for Positive Nested Conditions). Given pushout (1) as in 
Def. 4.8 with all morphisms in Ai, an amalgamation of typed objects gA= gB +g D gc> an d an amalgama- 
tion of positive nested conditions acp A = acp B +ac PD acp c with corresponding matches pa = Pb +p D Pc- 
Composition. Given solutions Qb for p B 1= acp B and Qc for pc N acp c agreeing in a solution Qvfor 

Pd 1= acp D , then there is a solution QAfor pa 1= acp A constructed as amalgamation Qa = Qb +q d Qc- 
Decomposition. Given a solution Qa for pa 1= acp A , then there are solutions Q B , Qc and Qd for 

Pb 1= acp B , pc N acp c and pp, 1= acp D , respectively, which are constructed as restrictions Qb, Qc 

and Q D of Q a such that Q A = Qb +q d Qc- 
The amalgamated composition and decomposition constructions are unique up to isomorphism. 
Remark 4.11. From the proof of Thm. 4.10 (see App. A I we can conclude that for a given amalgamation 
of solutions Qa = Qb +q d Qc> we a l so have corresponding amalgamations of its components. 
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5 Compatibility of Initial Satisfaction with Restriction and Amalgama- 
tion 



In this section we present our main result showing compatibility of initial satisfaction with amalgamation 



(Thm. 5.1) and restriction (Cor. 5.2 1 which are based on the amalgamation of solutions for positive 



nested conditions (Thm. 4. 10 1. This main result allows to conclude the satisfaction of a constraint for 



a composed object from the satisfaction of the corresponding restricted constraints for the component 
objects. It is valid for initial satisfaction, but not for general satisfaction. 

Theorem 5.1 (Compatibility of Initial Satisfaction with Amalgamation). Given pushout (1) below with 



gB +g D gc, and an amalgamation of positive 



all morphisms in M, an amalgamation of typed objects g& 
constraints acA = clcb +ac D acc- Then we have: 

I I 
Decomposition. Given a solution QAfar Ga 1= acA, then there are solutions QBfar Gb 1= acs, Qcfa r 
i i 
Gc N acc and Qofar Gd N aco such that Qa = Qb +q d Qc- 

i i 

Composition. Vice versa, given solutions Qsfar Gb 1= acs and Qcfar Gc 1= acc agreeing in a solution 
i ~ i 

Qofar Gd N aco, then there exists a solution QAfar Ga N oca such that Qa = Qb +q d Qc- 



acA > 



acB > 




< acc 



Proof. 



Decomposition. By 



Def. 2.8 



< aco 



a solution Qa for Ga 1= acA is also a solution for iq a 1= acA, where ic A 
is the unique morphism Iq a '■ I — > Ga- Moreover, due to amalgamation gA = gB +g D gc the inner 
trapezoids in the diagram above are pullbacks. So by closure of Ai under pullbacks we have 
that gBA,gCA,gDB,gDC £ M which means that they are monomorphisms. Therefore, the outer 
trapezoids become pullbacks by standard category theory, which means that io B : I — > Gb is a 
restriction of ic A , ic c '■ 1 ~^ Gc is a restriction of ic A , and ic D '■ I — > Gd is a restriction of ic B as well 
as of z'gc- 

Furthermore, the outer square in the diagram is a pushout, implying that we have an amalgamation 
ic A = Z G B +i G[) l Gc- Thus, using Thm. 4.10 we obtain solutions Qb for ic B N acs, Qc for ic c 1= acc 
and Qd for ic D N acD such that Qa 
ii i 



Qb +q d Qc, and by Def. 2.8 Qb, Qc and Qd are solutions for 
Gb N acs, Gc 1= acc and Gd N acD, respectively. 

/ / / 

Composition. Now, given solutions Qb, Qc and Qd for Gb N acs, Gc N acc and Gd 1= acD, respectively. 



Then by Def. 2.8 we have that Qb, Qc and Qd are solutions for Iq b 1= acB, ic c ^ acc and ic D 1= aco, 
respectively. As shown in item 1, there is iq a = ic B +i a io c an< i therefore, since Qb and Qc agree 
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Def. 2.8 



in Qd, by Thm. 4.10 we obtain a solution Qa for Iq a 1= acA such that Qa = Qb +q d Qc- Finally, 

implies that Qa is a solution for Ga 1= acA- 

□ 

Corollary 5.2 (Compatibility of Initial Satisfaction with Restriction). Given type restriction 

t : TGb — > TGa £ -M, object Ga typed over TGa with restriction Gb, and a positive constraint acA 

i i 

over initial object I typed over TGa with restriction acs- Then Ga 1= acA implies Gb N acg- Moreover, if 



i 



l 



Qa is a solution for Ga N acA then Qb = Restr t (QA) is a solution for Gb t= acs- 



Proof. Consider the diagram in Thm. 5.1 with Gc = Ga, Gd = Gb, acc = acA and aco = acs- Then 



by standard category theory we have that all rectangles in the diagram are pushouts and the trapezoids 
are pullbacks. Thus, we have gA = gB +g B gA and, analogously, acA = acs + aCR acA w ith corresponding 



matches ic A 



- gB gA and, analogously, oca 
i 

: iGs +i a *g a ■ So, given a solution Qa for Ga 1= acA, by item 1 of 



Q B for G B N ac B with Q A = Q B +q b Qa such that by 



Def. 4.4 



Thm. 5.1 



Qb is a restriction of <2a 



there is a solution 

□ 



Example 5.3 (Compatibility of Initial Satisfaction with Amalgamation). Figure^shows the amalgama- 



tion of typed graphs gA = gB +g D gc from Ex. 4.3 and an amalgamation of positive nested conditions 



acA = acB +ocd ac c- Note that we have acA = 3 (ip A ,acp A ) and acs, acc and acr> with similar structure, 
where the amalgamation acp A = acp B + aCPo acp c is presented in 



Ex. 4.7 



Composition. For Gb 1= acs we have the solution Qb = (<?b, (Qi,b,Q2,b)) with Q\ b = (<7i,b,0) and 

Qi,b = 0. where qs and q\ B are inclusions. Moreover, we have similar solutions Qc for 

I I 
Gc 1= acc and Qd for Go 1= acp). According to 



Rem. 4.11 



the amalgamation Qa = Qb +q d Qc 
can be constructed by amalgamation of the components. 

First, we explain in detail the amalgamation q\ A = q\,B +q lD qi,c- Note that the graphs Ga, Gb, 
Gc and Gd can be considered as type graphs such that e. g. C\d is typed over Gd by q\x>. So, 
since q\ D is a common restriction of q\,B and q\£, we have that q\$ and q\£ agree in q\p. This 
means that there is an amalgamation of typed objects q\A = <7i,b +q 1D qi,c> where the inclusion 
gi,A maps all nodes and edges in the same way as q\p and q\£- 

Moreover, for the empty solutions we have an empty solution as amalgamation, and thus, we have 
amalgamations of solutions Q\^ = Q\,b+q ud Qi,c = (<7i,a,0) andQi^ = Q2,b +q 2 , d Qi.c = ®- The 
amalgamation qA = qB +q D qc can be obtained analogously as described for q\A, and hence, we 

I 

(<?a, (Qia, Qla)), which is a solution for Ga 1= acA- 



have Q A = Qb +q d Qc 



Decomposition. For Ga 1= acA we have a solution Qa = (qA, (<2i,a, Qi,a)) w ^ tn 6m = (<?i,a , 0) and 

Qi.a = where qA and q\^ are inclusions. The restrictions Qb, Qc and Qd of Qa are given 

by restrictions of the components. By computing the restrictions q\$, q\,c and q\p of qx^A, and 

I 

similar the restrictions of qA and 0, we get as result again the solutions Qsfor Gb 1= acs, Qcfor 

I I 
Gc N acc, and Qofor Gd N aco as described in the composition case above. 

From Cor. 5.2[ we know that initial satisfaction is compatible with restriction of typed objects and 
constraints. In contrast, general satisfaction and restriction are not compatible in general. As the follow- 
ing example illustrates, it is possible that a typed object generally satisfies a constraint while the same 
does not hold for their restrictions. 
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Figure 5: Amalgamation of solutions for initial satisfaction 

Example 5.4 (Restriction of General Satisfaction Fails in General). Figure^shows a restriction Gb of 
the typed graph Ga and a restriction acp B of constraint acp A . There are two possible matches P\,a,P2,a '■ 
Pa —t- Ga £ -M where p\A is an inclusion and pja maps t>i to \>2 ond ci to c^. Since for each of the 
matches the graph Ga contains the required edges in the inverse direction, both of the matches satisfy 
acp A . For pi a we have qi,A with qi^°aA = Pi,Af or 1 ' = ' >2. Thus, we have that Ga 1= acp A . 

For the constraint acp B there is a match Pb' Pb Gb £ M mapping edge t>i identically and node 3 
to node 4- We have that ps \f acp B because there is no edge from node 4 to node 2 in Gb, which means 
that Gb acp B . This is due to the fact that there is no match pa '■ Pa Ga £ M such that ps is the 
restriction of pa- 




Figure 6: Counterexample for restriction of general satisfaction 



6 Related Work 

The framework of M. -adhesive categories [8] generalizes various kinds of categories for high level re- 
placement systems, e.g. adhesive ifTTTl . quasi-adhesive [18], partial VK square adhesive ifTBl . and weak- 
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adhesive categories [6]. Therefore, the results of this paper are applicable to all of them, where the 
category of typed attributed graphs is a prominent example. 

The concepts of nested graph conditions [13 ] and first-order graph formulas are shown to be 
expressively equivalent in Ifl4l using the translation between first-order logic and predicates on edge- 
labeled graphs without parallel edges [20]. 

Multi-view modelling is an important concept in software engineering. Several approaches have 
been studied and used, e.g. focussing on aspect oriented techniques lPT2l . In this line, graph transfor- 
mation (GT) approaches have been extended to support view concepts based on the integration of type 
graphs. For this purpose, the concept of restriction along type morphisms has been studied and used 
intensively ifTTl IB1 including GT systems using the concept of inheritance and views (5j[T6]]. Instead 
of restriction of constraints considered in this paper, only more restrictive forward translations of view 
constraints have been studied in [ 5 ] for the case of atomic constraints with general satisfaction leading 
to a result similar to Thm. 5.1 The notions of initial and general satisfaction for nested conditions can 
be transformed one into the other lPT4l . but this transformation uses the Boolean operator negation that is 
not present in positive constraints, for which, however, our main result on the compatibility of restriction 
and initial satisfaction holds. Moreover, we have shown by counterexample that general satisfaction is 
not compatible with restriction in general, even if only positive constraints are considered. 



7 Conclusion 

Nested application conditions for rules and constraints for graphs and more general models have been 
studied already in the framework of M. -adhesive transformation systems [6j[9]|. The new contribution of 
this paper is to study compatibility of satisfaction with restriction and amalgamation. This is important 
for large typed systems respectively objects, which can be decomposed by restriction and composed 
by amalgamation. The main result in this paper shows that initial satisfaction of positive constraints is 
compatible with restriction and amalgamation (Thm. 5.1 and Cor. 5.2| ). The amalgamation construction 



is based on the horizontal van Kampen (VK) property, which is required in addition to the vertical VK 
property of .A/f-adhesive categories. To our best knowledge, this is the most interesting result for M.- 
adhesive transformation systems which is based on the horizontal VK property. Note that the main result 
is not valid for general satisfaction of positive constraints nor for initial satisfaction of general constraints. 
For future work, it is important to obtain weaker versions of the main result, which are valid for general 
satisfaction and constraints, respectively. 
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A Remaining Proofs 



In this appendix, we give the proofs for Fact 3.4 Fact 4.5 and Thm. 4.10 



Fact 3.4 (Restriction of Solutions for Positive Nested Conditions). Given a positive nested condition 
acp A and a match p& '■ Pa — >• Ga over TGa with restrictions acp B = Restr t (acp A ), pp = Restr t (pA) along 
t : TGb — > TGa- Then for a solution Qa of pa N acp A there is a solution Qp = Restr t (QA) for pp 1= acp B . 



Proof. 



For acp A = true the implication is trivial, because Qa is empty which means that also Qp is empty 
and thus a solution for pp N acp B is empty, because acp B is also true. 

For acp A = 3 (a,acc A ) we have that Qa = (<7a , Qca) such that q& : Ca — > Ga G M with qA°a = pa 
and Qca is a solution for qA (= acc A . Then by qp = Restr t {qA) '■ Cp — > Gp, we have qp G M. and we 
also have to : Gp — > Ga G .M, because ? G .M (see Fig. 7 ). So for acp B = 3 (b,acc B ) we have 



t G oq B ob = q A °t c ob = q A °aot P = p A ot P = t G o p B , 
which by monomorphism t G implies qpob = pp. 

Moreover, the fact that Qca is a solution for qA N acc A implies that 2cs = P^str t (QcA) is a solution 
for 1= acc B by induction hypothesis and hence the restriction Qp = (qp, Qcp) of 2a is a solution 
for £>b N acp s . 

Now, for acp A = Aiei ac PA,i we nave ac ^s = AiexP estr t( ac P A ,i)- By the fact that Qa is a solution 
for pa 1= acp A , we have that Qa = (QA,i)iei such that 2a,i is a solution for pa (= acA,,- for all z G X. 
Thus, by induction hypothesis, we have restrictions Qpj = Restr t (QA.i) that are solutions for pp 1= 
Restr t (acp A j) for all / G X. Hence, the restriction 2s = (Qpj)iex of 2a is a solution for /?g t= acp B . 

Finally, for acp A = \J ' i e x ac PA,i we nave qc Pb = V 'ieX^ estr t( ac P A ,i)- By tne f act that 2a is a solution 
for /?a N acp A we have that 2a = (2A.()/eX such that for one jGl there is a solution 2a,; for pa N 
oca,; and for all k^z j we have that 2a,£ = ©• Thus, by induction hypothesis, the restriction Qpj of 
2a.; is a solution for (= Restr t (acp A j). Hence, we also have that the restriction Qp = (2B,/)/eX 
is a solution for pp 1= acp B with 2s,4 = for /c / j. 

□ 



Fact 4.5 (Amalgamation of Positive Nested Conditions). Given a pushout (1) as in Def. 4.4 with all 
morphisms in hA. 




Figure 7: Restriction of solution qA for pa N 3 (a,acc A ) 
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Composition. If there are positive nested conditions acp B and acp c typed over TGg and TGc, respec- 
tively, agreeing in acp D typed over TGd then there exists a unique positive nested condition acp A 
typed over TGa such that acp A = acp B +ac Po acp c . 

Decomposition. Vice versa, given a positive nested condition acp A typed over TGa, there are unique 
restrictions acp B , acp c and acp D of acp A such that acp A = acp B +ac PD acp c . 

The amalgamated composition and decomposition constructions are unique up to isomorphism. 
Proof. 

Composition. We perform an induction over the structure of acp D : 

■ true and acp c = true, and the amalgamation acp A is trivially given 



acp D = true. 
Then we also have acp B 
by acp A = true. 

acp D = 3 (d,acc D ) with a I: Pd — >■ Co- 

The assumption that acp B and acp c agree in acp D means that acp D is a restriction of acp B 
and acp c and thus, by Def. 3.2 we have that acp B = 3 (b,acc B ) with b : Pg — >• Cb, acp c = 
3 (c,acc c ) with c : Pq — > Cc, d is a restriction of b and c, and acc D is a restriction of acc B 



and acc c - This in turn means that acc B and acc c agree in acc D according to Def. 4.4 So, 
by induction hypothesis, we obtain an amalgamation acc A = acc B +ac Co acc c , which implies 
that tcA = tcB +t CD tcc> i- e -> diagrams (2)-(5) below are pullbacks. By closure of M. under 
pullbacks, we obtain from tgBA , tgcA £ M that also cba , cca € M ■ 

Moreover, the fact that d is a restriction of b and c means that (6)+(2) and (7)+(3) are pull- 
backs, which by pullback decomposition implies that (6) and (7) are pullbacks. Note that 
b, c and d can be considered as typed over Cb, Cc and Co, respectively. So, according to 



Def. 4.1 we obtain that b and c agree in d with respect to the pushout of the Cs, leading 
to an amalgamation a = b +d c : Pa — > Ca with pullbacks (8) and (9) by Fact 4.2 Hence, 
acp A = 3 (a,acc A ) is the required amalgamation. 

PCA 



acp A > p A 



PBA 



acp B > P B 




p c < acp c 



Pdc 



Pdb 



P D < acp D 



acp D = NieT a cp D i- 

Since acp D is a restriction of acp B and acp c , they must be of the form acp B = AieX ac PB,i an ^ 
acp c = f\ieX ac Pc,i- Moreover, since acp B and acp c agree in acp D , we obtain that also acp Bi ,- 
and acp c j agree in acp D j for all i £ X. So, by induction hypothesis, there are amalgamations 
acp A j = acp B .j +ac PD j acp Cj t such that acp B j and acp c j are restrictions of acp A j for all i G X. 
Hence, acp A = AieX ac PA,i i s tne required amalgamation. 
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• The remaining case for disjunction works analogously to the case for conjunction. 
The uniqueness of the amalgamation follows from the fact that we have an amalgamation in each 



level of nesting and the amalgamation of typed objects is unique by Fact 4.2 
Decomposition. We do an induction over the structure of acp A : 

• acp A = true. 

This case is trivial because true = true + true true. 

• acp A = 3 (a,acc A ) with a : Pa — > Ca- 

Then by induction hypothesis, there exist restrictions acc B , acc c and acc D of acc A such that 



acc A = acc B +ac c clcc c . Moreover, by Fact 4.2 there are unique restrictions b, c and d of a 



such that a = b +^ c. Hence, we have restrictions acp B = 3 (b,acc B ), acp c = 3 (c,acc c ) and 
acp D = 3 (d,acc D ) of acp A , and, as shown for the case of composition before, the fact that 
acc A = acc B +ac Co acc c an(1 a = b + c i c implies that acp A = acp B +ac Po acp c . 

• acp A = f\ ieX acp A j. 

Then by induction hypothesis, there exist restrictions acp B j, acp C} i and acp D j of acp A j such 
that acp A j = acp B j +ac P[) , ac P c ,i f° r a ^ z e 1- Hence, acp B = Aiel ac PB-i> ac Pc = Aiel ac Pc-i anc ^ 
acp D = f\j e x ac PD;i are restrictions of acp A such that acp A = acp B + aCPD acp c . 

• Again, the remaining case for disjunction works analogously to the case for conjunction. 

The uniqueness of the decomposition follows from the uniqueness of restrictions by pullback con- 
struction. 

□ 

Theorem 4.10 (Amalgamation of Solutions for Positive Nested Conditions). Given pushout (I) as in 



Def. 4.8 with all morphisms in A4, an amalgamation of typed objects gA = gB +g D gc> an d an amalgama- 



tion of positive nested conditions acp A = acp B + aC p D acp c with corresponding matches pa = Pb +p D Pc- 

Composition. Given solutions Qb far pp 1= acp B and Qc far pc N acp c agreeing in a solution Qvfar 
Pd 1= acp D , then there is a solution QAfar pa 1= acp A constructed as amalgamation Qa = Qb +q d Qc- 

Decomposition. Given a solution QAfar pa 1= acp A , then there are solutions Qb, Qc and Qp>far ps 1= 
acp B , Pc N a cp c and ppy 1= acp D , respectively, which are constructed as restrictions Qb, Qc and Qp, 
ofQ A such that Q A = Qb +q d Qc- 

The amalgamated composition and decomposition constructions are unique up to isomorphism. 
Proof. 

Composition. We perform an induction over the structure of acp A . 

• acp A = true. 

Then also acp B , acp c , acp D are true and we have empty solutions Qa, Qb, Qc a nd Qd- Since 
the restriction of an empty solution is empty, we have that Qb and Qc are restrictions of Qa- 

• acp A = 3 (a,acc A ) with a : Pa — > Ca- 

By Fact 4.5| (Composition), we have the following diagram, where all rectangles are pushouts 



and all trapezoids are pullbacks, and all horizontal and vertical morphisms are in Ai. 
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acp A > p A 



PCA 



PBA 



acp B > p B 




p c < ac Pc 



Pdc 



Pdb 



P D < acp D 



Now, we consider solutions Q B = {q B ,QcB), Qc = (qcQcc) and Q D = (q D ,QcD) for p B t= 
acp B , pc N acp c and pjj t= acp c , respectively, such that <2/) is a restriction of Q B and 2c- Then 
we also have that qp> is a restriction of q B and qc, and thus 

8BA°qB°CDB = gBA°gDB°qD = gCA°gDC°qD = gCA°qC°CDC- 

Together with the pushout over the Cs, this implies a unique morphism q& : Ca — > Ga with 

q A o c B A = gBA ° q B and q A o c C a = gCA ° <7c- 

PCA 



Pba 



acp B > p B 




p c < acp c 



PZJB 



p D < acp D 



Moreover, we have 

q A °aop BA =q A oc BA ob=g B Aoq B ob = g BA op B = p A o p BA 

and analogously ^°fl° Pca = Pa ° Pca- Since /?ba and pca are jointly epimorphic, this 
implies that qA°a = Pa- 

In order to show that ^ £ M, we consider the following diagram in the left: 



G A 



gCA 



gBA 



G B 



G c 

(6) gDC 

G D 



qc 



C c 



(8) 



CDC 



'IB 



gDB 

(7) q D 



qD 
(9) 



c D 



id 



c D 



C B 



cdb 



c D 



id. 



c D 



c D 




G A -^ia— Ca 



Satisfaction, Restriction and Amalgamation of Constraints 



We have that (6) is a pushout with all morphisms in Ai and thus also a pullback. Dia- 
grams (7) and (8) are pullbacks by restriction, and (9) is a pullback because qp> G M is a 
monomorphism. Hence, by composition of pullbacks, we obtain that the complete diagram 
is a pullback along A4 -morphisms gBA ° qs and gcA ° <?c> which means that the pushout of the 



Cs is effective (see Def. 2.3 ), implying that q& G M. 



It remains to show that qg and qc are restrictions of 17,4. In the following diagram, we have that 



(10) and (11) are pullbacks by restrictions, the Cs and the Gs form pushouts (see Rem. 4.9 1 
and all morphisms in (10)-(13) are in M.. So, the horizontal as well as the vertical VK prop- 
erty implies that also (12) and (13) are pullbacks, which means that qp and qc are restrictions 
of q A . 

ac CA > C A f — ; C c < ac Cc 



acc B > C B 




C D <ac CD 



Finally, Qp, being a restriction of Qb and Qc means that Qcd is a restriction of Qcb and Qcc 
by induction hypothesis, this implies a solution Qca of q A 1= acc A such that Qcb and Qcc are 
restrictions of Qca- Hence, Qa = (qA,QcA) is a solution for pa N cica such that Qb and Qc 
are restrictions of Qa- 

ac P A = AieX ac P A J- 

We have acp B = /\ieX ac PB.i> ac Pc = AieX ac PcJ an( ^ qc Pd = AieX ac PoJ such that for all i G X 
there is acp D .,- a restriction of ocp fli i and acp c j. 

Moreover, given solutions Qb, Qc and Qp, of /?p 1= acp B , pc t= acp c and 1= acp D , respectively, 
we have Q B = (Qpj)iei, Qc = (Qcj)iex and Q D = (Q D ,i)iei such that for all ielwe have 
that Qbj, Qc,i and Qp>j are solutions for pb 1= acp s , ; -, /?c 1= acp Cj ,- and /7p> 1= acp D j, respectively, 
and Qdj is a restriction of <2p , and Qcj- 

Then, by induction hypothesis, there are solutions Qaj for p A 1= acp A .,- for all i G X such that 
<2b )( - and Qc,/ are restrictions of Qaj. Hence, Qa = (QAj)ieX is the required solution for 
p A (= acp A . 
«cp A = \J ie x ac P A ,i- 

We have acp fl = Viex ac PBj> ac Pc = VieZ ac ^c,' an( ^ ac ft> = \J ieX ac PD.i such that for all j G X 
there is acp D .,- a restriction of acp B , ( and acp c j. 

Moreover, given solutions Qb, Qc and Qp, of /?p N acpg, /?c ^ flQfc and /?d N acp D , respec- 
tively. Then we have Q B = {QB,i)iex, Qc = {Qa)iex and Q D = (Q D j)iex such that for some 
JbJcJd G X we have that Q B j B , Q C j c and Q DJd are solutions for p B t= acp B;fi , /? c 1= fl'CPcjc 
and pp, \= acp D j D , respectively, and for all kB,kc,kp> G X with kp 7^ jp, &c / 7c and &d / jo 
we have that 2p,yt B , Qc,k c and <2di d are empty. Furthermore, Qdj is a restriction of Qpj and 
Qc i for all i G X . 



Case 1. 2d 



.to 



0. 



Then we have Qdj = for all j G X. According to Def. 3.3 only the restriction of 



H. Scholzel, H. Ehrig, M. Maximova, K. Gabriel & F. Hermann 



103 



an empty solution is empty, implying that we also have Qpj = Qcj = for all j G X. 
Moreover, since Qdj d is a solution for pp, t= acp D j D , we can conclude that acp D j D = true, 
and by the fact that acp D j D is a restriction of acp A j D , acp B j D and acp c j D it follows that 
also acp A j D = true, acp B j D = true and acp c j D = true. So, as shown above, there is a 
solution Qaj d = for pa N acp A ^- jD . Hence, 2a = (QA,i)iei with 2a,/ = for all i € X is 
a solution for pa ^ acp A such that <2g and Qc are restrictions of Qa. 
Case 2. 2 DJfl ^ 0. 

Then according to Def. 3.3 there are also Qb.j d ^ and Qcj D / which means that 
jp = jc = Jd- So, by induction hypothesis, there is a solution Qaj d for pa ^ ®cp A j D 
such that 2 B j D and (2cj D are restrictions of 2aj d - Hence, 2a = (<2A,i)iei with Q A ,k = 
for all k G X with & 7^ 7^ is a solution for /?a 1= «cp A , and we have that Qb and Qc are 
restrictions of Qa- 

In the first case (acp A = true), the uniqueness of the amalgamation follows from the fact that 
an empty solution can only be the restriction of another empty solution. In the second case 
(acp A = 3 (a,acc A )), the uniqueness of Qa = ((]a,Qca) follows from the uniqueness of qA by 
universal pushout property, and by uniqueness of Qqa by induction hypothesis. Finally, in the 
cases of conjunction and disjunction, the uniqueness of the solution follows from uniqueness of its 
components by induction hypothesis. 

Decomposition. Again, we perform an induction over the structure of acp A . 

• acp A = true. 

Then we also have that acp B , acp c and acp D are true. Moreover, we have that Qa is empty, 
leading to empty restrictions Qb, Qc and Qp, that are solutions for ps 1= acp B , pc 1= acp c and 
Pd N acp D , respectively. 

• acp A = 3 (a,acc A ) with a : Pa — > Ca- 

Then we have acp B = 3 (b,acc B ), acp c = 3 (c,acc c ) and acp D = 3 (d,acc D )- By amalga- 
mation gA = gB +g D gc> we have pullbacks (2)-(5) below. Moreover, by restrictions acp B , 
acp c and acp D of acp A , we have restrictions b, c and d of a, implying pullbacks (6)-(9) 
below. According to Rem. 4.6] we have an amalgamation of positive nested conditions 
acc A = acc B + a c c ®cc c , which implies an amalgamation of typed objects ?ca = tcB +t CD f cc 
by |Def. 4.4| 



ac P . > p. 



PCA 



PBA 




(6) 



CCA 
(11) 



cba (10) 



TG A 

8ba {2)tg BA \ 

TG B 



SCA 

(3) 

tgCA 



acp B > p B 




ac Cl 




p c <l acp c 



Xdb 
(12) 

CDB 

(8) 
Pdb 



Pdc 



p D < acp D 



Satisfaction, Restriction and Amalgamation of Constraints 

Now, given a solution Qa = (qA , Qca) for pa ^cicp A , there is qA : Ca — > Ga £ M with qA°a = 
Pa- 

Furthermore, we have 

8A°qA° CBA = tcA ° C B A = tgBA ° tCB , 

which implies a unique morphism qs : Cg — > Gb by pullback (2) such that gs°qB = fcs and 
gBA °qB = qA° cba- Due to amalgamation tcA = tcB +t CD { cc, we have that tcB is a restriction 
of tcA and thus (10)+(2) is a pullback. So, together with pullback (2), we obtain that also (10) 
is a pullback by pullback decomposition and, thus, qs is a restriction of qA- 
Moreover, by qA,tgBA £ M and closure of M. under pullbacks, we know that qB,gBA £ M.. 
Hence, by 

gBA °PB = PA°PBA=qA°ao p B A =qA°C B A°b= gBA ° <?B ° 6, 

we obtain pb = qB°b because gBA £ M. is a monomorphism. 

Analogously, due to pullback (3) and restriction tec of tcA, there is a unique restriction qc : 
Cc — >■ Gc G -M of with pullback (11) such that pc = qc° c , and due to pullback (4) and 
restriction fco of tcB, there is a unique restriction qp, : Co — > Go € M. of gg with pullback 
(12) such that pp, = qp,°d. Then, since ten is a restriction of tec, (5)+(13) is a pullback which 
implies that also (13) is a pullback by pullback decomposition and pullback (5). Thus, qp, is 
also a restriction of qc, which means that we have qA = qB +q D qc- 

So, by induction hypothesis, there are solutions Qcb for qB 1= acc B , Qcc for qc N acc c , and 
Qcd for N ac Co such that Qca = £ CB + 2cD gec- Hence, for Q B = (qB,Qcii), Qc = 
(qc, Qcc) and Q D = (q D , Q CD ) we obtain that Q A = Q B +q d Qc- 

• acp A = A ieI acp Aii . 

Then we also have acp B = /\iei ac PisJ, ac Pc = /\ieX ac Pc-J> an( ^ qc Pd = A;ez ac ft>,i- Now, given 
a solution Qa = (Qaj)i£Z f° r Pa 1= <zcp A , then <2a,i is a solution for pa N acp^,; for all i G X. 
Thus, by induction hypothesis for all i G X, there are solutions Qbj for pg 1= acp B j, Qc,i for 
pc ^ ac P c ,i, and 2d,;' for acp Di ; such that Qaj = Qbj +Q Di Qa- This in turn means that for 
all i € X there are Qbj and Qcj restrictions of Qaj, and Qdj is a restriction of Qbj and <2c,;- 
Hence, for Q B = (QBj)ieX, Qc = (Qcj)iex and Q D = (Q D j)ieX we have that Q B and Q c are 
restrictions of Q A , and go is a restriction of Q B and go implying Q A = Qb +q d Qc- 

• acp A = \f ieI acp A j. 

Then we also have acp B = \fi e x ac PB-J, ac Pc = \fieX ac Pc-,^ an( ^ ac ^t> = \ZieX ac PD-J- Given a 
solution 2^ = (2a .i)iex f° r Pa 1= «Qv then there is j G X, such that Qaj is a solution for 
Pa N acp A j, and for all & G X with £ / j there is Qajc = 0- By induction hypothesis, there 
are solutions Qbj for pg 1= acp B j, Qcj for pc ^ ac Pc,j> an< ^ 2dj for po 1= flc/bj such that 
Qaj = Qbj+q D j Qcj- Hence, for Q B = (QBj)iex,Qc = (Qcj)iex and Q D = (Q D j)iex, where 
for all k G X with 7^ 7 there is 2g >yt = gc,* = 2z),yt = ®, we have that g A = Qb +q d Qc- 
The uniqueness of the solutions follows from uniqueness of restrictions by pullback constructions. 

□ 



